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Abstract
In this paper we investigate a generalization of the Hyers–Ulam–Rassias stability for a functional
equation of the form f (ϕ(X)) = φ(X)f (X)+ψ(X) and the stability in the sense of Ger for the func-
tional equation of the form f (ϕ(X)) = φ(X)f (X), where X lie in n-variables. As a consequence, we
obtain a stability result in the sense of Hyers–Ulam–Rassias, Gaˇvruta, and Ger for some well-known
equations such as the gamma, beta, and G-function type’s equations.
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1. Introduction
In 1940, the stability problem raised by S.M. Ulam [27] was solved by D.H. Hyers in [6].
The result of Hyers has been significantly generalized to the unbounded case by Th.M. Ras-
sias [18], and this has later been extended by P. Gaˇvruta [4], R. Ger [5], Th.M. Rassias and
others (cf. [3,7–11,19–26]).
✩ Supported by Kangnam University Research Fund in 2003.
E-mail address: ghkim@kangnam.ac.kr.0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.02.064
376 G.H. Kim / J. Math. Anal. Appl. 299 (2004) 375–391The functional equation in which we are interested in this article is derived from the
gamma functional equation f (x + 1) = xf (x), which was considered by S.-M. Jung [11–
13]. This equation generalizes the gamma type functional equation f (x + p) = ϕ(x)f (x)
and the beta type functional equation f (x + p,y + p) = ϕ(x, y)f (x, y) [10,14–17],
in which the former has been recently extended to f (ϕ(x)) = φ(x)f (x) + ψ(x) by
T. Trif [26].
In this paper, we will investigate a generalization of the Hyers–Ulam–Rassias stability
in the sense of Gaˇvruta and the stability in the sense of Ger for the functional equations
f
(
ϕ(X)
)= φ(X)f (X) +ψ(X), (1.1)
f
(
ϕ(X)
)= φ(X)f (X), (1.2)
respectively, where ϕ,φ,ψ are given functions, while f is the unknown function and X
depends upon n-variables. Namely, the aim of this paper is the extension to the domain of
n-variables and applications of well-known results concerning gamma, G, Schröder, and
beta types functional equations.
In Section 2, we study the stability in the sense of Gaˇvruta for the functional equa-
tions (1.1), (1.2).
In Section 2′, we consider the special case of Section 2 with ϕ(X) = X + P .
In Section 3, our results shown in Sections 2, 2′ are applied to the gamma, G, Schröder,
beta types functional equations and some examples suitably restricted to a domain in one
or two variables.
In Section 4, we consider the stability in the sense of Ger for the functional equa-
tion (1.2), and we provide applications to the gamma, beta, G-functional equations, and
some examples.
Throughout this paper, let B be a Banach space over the field K , where K will be either
the field R of real numbers or the field C of complex numbers. Each positive real number
δ is fixed. R+ denotes the set of all nonnegative real numbers. Given the nonempty set
S and the function ϕ : Sn → Sn, we put ϕ0(X) := X and ϕn(X) := ϕ(ϕn−1(X)) for all
positive integers n and all points X ∈ Sn. The functions φ : Sn → K\{0},ψ : Sn → B , and
ε : Sn → R+ are defined.
2. Generalization of Hyers–Ulam stability of Eqs. (1.1) and (1.2)
Let ϕ,φ, and ε be given functions such that
ω(X) :=
∞∑
k=0
ε(ϕk(X))∏k
j=0 |φ(ϕj (X))|
< ∞, ∀X ∈ Sn. (2.1)
Theorem 1. Let the functions ϕ,φ, ε satisfy the condition (2.1). If a function f : Sn → B
satisfies the inequality∥∥f (ϕ(X))− φ(X)f (X) −ψ(X)∥∥ ε(X), ∀X ∈ Sn, (2.2)
then there exists an unique solution g : Sn → B of Eq. (1.1) such that∥∥g(X) − f (X)∥∥ ω(X). (2.3)
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be the functions defined by
ωn(X) :=
n−1∑
k=0
ε(ϕk(X))∏k
j=0 |φ(ϕj (X))|
and
gn(X) := f (ϕn(X))∏n−1
j=0 φ(ϕj (X))
−
n−1∑
k=0
ψ(ϕk(X))∏k
j=0 φ(ϕj (X))
for all X ∈ Sn, respectively.
By (2.2), it follows that∥∥∥∥f (ϕ(X))φ(X) − f (X) − ψ(X)φ(X)
∥∥∥∥ ε(X)|φ(X)| for all X ∈ Sn.
Substituting X by ϕn(X) in this inequality, and then dividing both sides of the obtained
inequality by
∏n−1
j=0 |φ(ϕj (X))|, we get∥∥gn+1(X) − gn(X)∥∥= ε(ϕn(X))∏n
j=0 |φ(ϕj (X))|
. (2.4)
By induction on n we prove that∥∥gn(X) − f (X)∥∥ ωn(X) (2.5)
for all X ∈ Sn, and for all positive integers n. For the case n = 1, the inequality (2.5) is an
immediate consequence of (2.2).
Assume that the inequality (2.5) holds true for some n. Then we obtain the inequality
for n + 1. This is an immediate consequence of∥∥gn+1(X) − f (X)∥∥ ∥∥gn+1(X) − gn(X)∥∥+ ∥∥gn(X) − f (X)∥∥
 ε(ϕn(X))∏n
j=0 |φ(ϕj(X))|
+ ωn(X) = ωn+1(X).
We claim that {gn(X)} is a Cauchy sequence. Indeed, by (2.4) and (2.1), we have for
n > m that
∥∥gn(X) − gm(X)∥∥ n−1∑
k=m
∥∥gk+1(X) − gk(X)∥∥ n−1∑
k=m
ε(ϕk(X))∏k
j=0 |φ(ϕj (X))|
−→ 0
as m → ∞.
Hence, we can define a function g : Sn → B by
g(X) := lim
n→∞gn(X). (2.6)
From the definition of gn, we have gn(ϕ(X)) = φ(X)gn+1(X) + ψ(X) and therefore
the function g satisfies (1.1).
We show from (2.5) that g satisfies the inequality (2.3) as follows:∥∥g(X) − f (X)∥∥= lim ∥∥gn(X) − f (X)∥∥ lim ωn(X) = ω(X), ∀X ∈ Sn.
n→∞ n→∞
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∥∥g(X) − h(X)∥∥= ∥∥g(ϕn(X))− h(ϕn(X))∥∥ · n−1∏
j=0
1
|φ(ϕj (X))|
 2ωn
(
ϕn(X)
) · n−1∏
j=0
1
|φ(ϕj (X))|
= 2
( ∞∑
k=0
ε(ϕn+k(X))∏k
j=0 |φ(ϕn+j (X))|
)
·
n−1∏
j=0
1
|φ(ϕj (X))|
= 2
∞∑
k=n
ε(ϕk(X))∏k
j=0 |φ(ϕj (X))|
for all X ∈ Sn and all positive integers n, which tends to zero as n → ∞, since ω(X) is
bounded. This implies the uniqueness of g. 
Setting ε(X) = δ in Theorem 1, we have the Hyers–Ulam stability of Eq. (1.1).
Let the functions ϕ,φ satisfy
µ(X) :=
∞∑
k=0
k∏
j=0
1
|φ(ϕj (X))| < ∞, ∀X ∈ S
n. (2.7)
Corollary 1. Let ϕ,φ satisfy condition (2.7). If a function f : Sn → B satisfies the inequal-
ity ∥∥f (ϕ(X))− φ(X)f (X) −ψ(X)∥∥ δ (2.8)
for all X ∈ Sn, then there exists an unique solution g : Sn → B of Eq. (1.1) such that∥∥g(X) − f (X)∥∥ δµ(X). (2.9)
Theorem 2 and Corollary 2 follow immediately from Theorem 1 and Corollary 1 with
ψ(X) = 0.
Theorem 2. Let ϕ,φ, ε satisfy condition (2.1). If a function f : Sn → B satisfies the in-
equality∥∥f (ϕ(X))− φ(X)f (X)∥∥ ε(X), ∀X ∈ Sn, (2.10)
then there exists an unique solution g : Sn → B of Eq. (1.2) satisfying (2.3) for all X ∈ Sn.
Corollary 2. Let ϕ,φ satisfy condition (2.7). If a function f : Sn → B satisfies the inequal-
ity ∥∥f (ϕ(X))− φ(X)f (X)∥∥ δ, ∀X ∈ Sn, (2.11)
then there exists an unique solution g : Sn → B of Eq. (1.2) satisfying (2.9) for all X ∈ Sn.
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We consider a special case of Section 2 as follows, that is ϕ(X) = X + P , S = (0,∞),
and B = R. Then, we can obtain the same results for the functional equations:
f (X + P) = φ(X)f (X) + ψ(X), (1.1′)
f (X + P) = φ(X)f (X), (1.2′)
where X = (x1, x2, . . . , xn), P = (p1,p2, . . . , pn) ∈ (0,∞)n, and each positive real num-
ber xi is a variable, each positive real number pi is fixed, and n is a natural number. The
statement X > 0 means that each component xi of X lies in the interval (0,∞), and the
statement X > N0 means that xi > n0 for each component xi of X and for a fixed natural
number n0.
Then, all results shown in Section 2 are replaced with the analogous results in the form
ϕ(X) = X + P .
Let the functions φ and ε satisfy the inequalities
ω′(X) :=
∞∑
k=0
ε(X + kP )∏k
j=0 |φ(X + jP )|
< ∞, and (2.1′)
µ′(X) :=
∞∑
k=0
k∏
j=0
1
|φ(X + jP )| < ∞, ∀X > 0. (2.7
′)
Theorem 2′. Let φ, ε satisfy condition (2.1′). If a function f : (0,∞)n → R satisfies the
inequality∣∣f (X + P) − φ(X)f (X)∣∣ ε(X), ∀X > N0,
then there exists an unique solution g : (0,∞)n → R of Eq. (1.2) such that∣∣g(X) − f (X)∣∣ ω′(X), ∀X > N0.
Proof. Setting S = (0,∞), B = R,ϕ(X) = X + P in Theorem 2, then the claimed result
of this theorem is satisfied except for the condition that replaces X ∈ Sn by X > N0. For
this, we define the new function g0 : (n0,∞)n → R by
g0(X) := lim
n→∞gn(X)
in substituting g defined in (2.6) for g0.
Now, we extend the function g0 to the domain (0,∞)n. We define for each 0 < X N0,
g(X) := g0(X + kP )∏k−1
n=0 φ(X + nP)
,
where k is the smallest natural number satisfying the inequalities xi + kpi > n0 for each i .
Then, g(X + P) = φ(X)g(X) for all X > 0 and g(X) = g0(X) for all X > N0. Also
the inequality∣∣g(X) − f (X)∣∣< ω′(X)
holds for all X > 0. 
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inequality∣∣f (X + P) − φ(X)f (X)∣∣ δ, ∀X > N0,
then there exists an unique solution g : (0,∞)n → R of Eq. (1.2) with∣∣g(X) − f (X)∣∣ δµ′(X), ∀X > N0.
3. Applications to the gamma type, the G-function, Schröder, and the beta type
functions
The results shown in the Sections 2, 2′ can be applied to the well-known stability results
for the gamma, G, beta, Schröder functional equations, and also to certain generalized
forms. It suffices to show how to bring the Eq. (1.1) into the concrete forms of those
functional equations.
3.1. The beta type functional equations
We restrict the functional equation (1.1) in the case of a double variable. Then, we can
obtain the same results for the beta type functional equation, as follows:
f (x + p,y + q) = φ(x, y)f (x, y)+ ψ(x, y), (3.1)
f (x + p,y + q) = φ(x, y)f (x, y), (3.2)
f (x + 1, y + 1)−1 = (x + y)(x + y + 1)
xy
f (x, y)−1, (3.3)
f (x + 1, y + 1) = xy
(x + y)(x + y + 1)f (x), (3.3
′)
which provide some special cases of Eq. (1.1).
The beta function B(x, y) = ∫ 10 tx−1(1 − t)y−1 dt is a solution of the beta functional
equation (3.3′), which is closely related to the gamma function Γ (x). The relationship
between them is given by B(x, y) = (Γ (x)Γ (y))/Γ (x + y) = B(y, x).
In the case of 2-variables, the following Corollaries 3, 4 follow from Theorems 1, 2′
with S = (0,∞), B = R.
The condition (2.1) with ϕ(x, y) = (x +p,y + q) applies
ωβ(x, y) :=
∞∑
k=0
ε(x + kp,y + kq)∏k
j=0 |φ(x + jp,y + jq)|
< ∞, ∀x, y > 0. (3.4)
Corollary 3. Let φ, ε satisfy condition (3.4). If a function f : (0,∞)× (0,∞) → R satis-
fies the inequality∣∣f (x + p,y + q) − φ(x, y)f (x, y)+ ψ(x, y)∣∣ ε(x, y), ∀x, y > n0;
then there exists an unique solution g : (0,∞)× (0,∞) → R of Eq. (3.1) with∣∣g(x, y) − f (x, y)∣∣ ωβ(x, y), ∀x, y > n0.
G.H. Kim / J. Math. Anal. Appl. 299 (2004) 375–391 381Corollary 4 [10]. Let φ, ε satisfy condition (3.4). If a function f : (0,∞) × (0,∞) → R
satisfies the inequality∣∣f (x + p,y + q) − φ(x, y)f (x, y)∣∣ ε(x, y), ∀x, y > n0;
then there exists an unique solution g : (0,∞)× (0,∞) → R of Eq. (3.2) such that∣∣g(x, y) − f (x, y)∣∣ ωβ(x, y), ∀x, y > n0.
The following Corollary 5 follows from Corollary 4 with φ(x, y) = ((x + y)(x +
y + 1))/xy and p = q = 1. The condition (3.4) is replaced by
ωβ1(x, y) :=
∞∑
k=0
ε(x + k, y + k)
×
k∏
j=0
(x + j)(y + j)
((x + j) + (y + j))((x + j) + (y + j) + 1) < ∞ (3.5)
for all x, y > 0.
Corollary 5 [15]. Let a function ε satisfies condition (3.5). If the function f : (0,∞) ×
(0,∞) → R satisfies the inequality∣∣∣∣f (x + 1, y + 1)−1 − (x + y)(x + y + 1)xy f (x, y)−1
∣∣∣∣ ε(x, y), ∀x, y > n0,
then there exists an unique reciprocal of the beta functional equation g : (0,∞) ×
(0,∞) → R of Eq. (3.3) with∣∣g(x, y)−1 − f (x, y)−1∣∣ ωβ1(x, y), ∀x, y > n0.
Remark 1. Corollaries 3–5 with ε(x) = δ imply the Hyers–Ulam stability of Eqs. (3.1)–
(3.3).
3.2. The gamma type functional equations
We restrict the functional equation (1.1) for the case of a single variable. Then, we can
obtain similar results for the gamma, G, Schröder functional equations, as follows:
f
(
ϕ(x)
)= φ(x)f (x)+ ψ(x), (3.6)
f
(
ϕ(x)
)= xf (x), (3.6′)
f
(
ϕ(x)
)= cf (x) c: constant, (3.6′′)
f (x + 1) = x(f (x) + 1), (3.7)
f (x + 1) = (x + 1)f (x), (3.7′)
f (x + p) = φ(x)f (x), (3.8)
f (x + 1) = φ(x)f (x), (3.8′)
f (x + 1) = xf (x), (3.8′′)
which are special cases of Eq. (1.1).
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tional equation (3.8′′).
Remark 2. The Hyers–Ulam stability and the generalized Hyers–Ulam–Rassias stability
for all of the above functional equations follow immediately from Theorems 1, 2′ with S =
(0,∞), B = R or K , p = 1, ψ(x) = 0, φ(x) = x , ϕj (x) = x + j, ε(x) = δ by restricting to
a single variable. Since the Hyers–Ulam stability and the generalized Hyers–Ulam–Rassias
stability of Eqs. (3.8), (3.8′), (3.8′′) are studied in the papers [1,10–14,17,26].
Equation (3.6′) can be considered as the generalized form of Schröder functional equa-
tion (3.6′′). In the case c > 1, Trif proved the Hyers–Ulam stability of Eq. (3.6′′).
Restricting the condition (2.1) to a single variable, we get for all x ∈ S
ω′(x) :=
∞∑
k=0
ε(ϕk(x))∏k
j=0 |φ(ϕj (x))|
< ∞, (2.1′)
ωg(x) :=
∞∑
k=0
ε(ϕk(x))∏k
j=0 |ϕj (x)|
< ∞, (3.9)
ωc(x) :=
∞∑
k=0
ε(ϕk(x))
ck+1
< ∞ c: positive constant. (3.10)
Corollary 6 [26]. Let ϕ,φ, ε satisfy condition (2.1′). If a function f : S → B satisfies the
inequality∥∥f (ϕ(x))− φ(x)f (x)− ψ(x)∥∥ ε(x),
then there exists an unique solution g : S → B of the functional equation (3.6) with∥∥g(x) − f (x)∥∥ ω′(x).
Corollary 7. Let a function f : S → B satisfies the inequality∥∥f (ϕ(x))− φ(x)f (x)− ψ(x)∥∥ δ,
where
µ′δ(x) :=
∞∑
k=0
1∏k
j=0 |φ(ϕj (x))|
< ∞
for all x in S.
Then, there exists an unique solution g : S → B of the functional equation (3.6) with∥∥g(x) − f (x)∥∥ δµ′δ(x).
Corollary 8. Let ϕ, ε satisfy condition (3.9). If a function f : S → B satisfies the inequality∥∥f (ϕ(x))− xf (x)∥∥ ε(x),
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Corollary 9. Let ϕ satisfies condition ‖ϕj (x)‖ > ‖ϕ(x)‖ > 1 for all j . If a function f :
S → B satisfies the inequality∥∥f (ϕ(x))− xf (x)∥∥ δ,
then there exists an unique solution g : S → B of Eq. (3.6′) such that∥∥g(x) − f (x)∥∥ δ‖ϕ(x)‖
x(‖ϕ(x)‖− 1) .
In particular, if ϕ satisfies the inequality ‖ϕj (x)‖ > ‖x‖ > 1, then there exists an unique
solution g : S → B of the generalized Schröder functional equation (3.6′) satisfying∥∥g(x) − f (x)∥∥ δ‖x‖ − 1 .
Corollary 10. Let ϕ, ε satisfy condition (3.10). If a function f : S → B satisfies the in-
equality∥∥f (ϕ(x))− cf (x)∥∥ ε(x),
then there exists the unique Schröder function g : S → B satisfying∥∥g(x) − f (x)∥∥ ωc(x).
Corollary 11 [26]. Let c > 1. If a function f : S → B satisfies the inequality∥∥f (ϕ(x))− cf (x)∥∥ δ,
then there exists the unique Schröder function g : S → B satisfying∥∥g(x) − f (x)∥∥ δ
c − 1 .
The condition (3.9) with ϕj (x) = x + j can be represented by
ωγ1(x) :=
∞∑
k=0
ε(x + k)∏k
j=0 |x + j |
< ∞, ∀x > 0. (3.11)
Corollary 12. Let ε satisfy condition (3.11). If a function f : (0,∞) → K satisfies the
inequality∣∣f (x + 1) − x(f (x) + 1)∣∣ ε(x) or ∣∣f (x + 1) − (x + 1)f (x)∣∣ ε(x),
then there exists an unique solution g : (0,∞) → K of Eq. (3.7) or (3.7′) respectively with∣∣g(x) − f (x)∣∣ ωγ1(x).
Remark 3. The Hyers–Ulam stability of Eqs. (3.7) and (3.7′) follows immediately from
Corollary 12 with ε(x) = δ.
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The G-function introduced by E.W. Barnes [2],
G(z) = (2π) z−12 e− z(z−1)2 e−γ (z−1)
2
2
∞∏
k=1
[(
1 + z − 1
k
)k
e1−z+
(z−1)2
2k
]
,
satisfy the equation G(x + 1) = Γ (x)G(x) and Γ (1) = G(1) = 1, where γ is the Euler–
Mascheroni’s constant defined by γ = limn→∞(∑nk=1 1k − logn) ∼= 0.577215664 . . ..
The properties and values of G-function depend on those of the gamma function. Since
the double gamma function Γ2 is defined by the reciprocal of the G-function (see [2]),
Γ2(x) = 1/G(x), and its functional equation is Γ2(x + 1) = Γ2(x)/Γ (x). Therefore, the
stability problem for the G-function is equivalent to the stability for the reciprocal of the
double gamma function.
Putting φ(x) = Γ (x) and p = 1 in Eq. (3.6), we obtain
f (x + p) = Γ (x)f (x) + ψ(x), (3.12)
f (x + p) = Γ (x)f (x), (3.13)
f (x + 1) = Γ (x)f (x). (3.14)
Equation (3.14) will be called the G-functional equation from the definition of G-function.
The condition (2.1′) in a single variable is represented by
ωGp(x) :=
∞∑
k=0
ε(x + kp)∏k
j=0 |Γ (x + jp)|
< ∞, (3.15)
ωG(x) :=
∞∑
k=0
ε(x + k)∏k
j=0 |Γ (x + j)|
< ∞. (3.16)
Corollary 13. Let the functions Γ,ε satisfy condition (3.15). If a function f : (0,∞) → R
satisfies the inequality∣∣f (x + p) − Γ (x)f (x) − ψ(x)∣∣ ε(x), ∀x > n0,
then there exists an unique solution g : (0,∞) → R of Eq. (3.12) with∣∣g(x) − f (x)∣∣ ωGp(x), ∀x > n0.
Corollary 14 [16]. Let the functions Γ,ε satisfy condition (3.15). If a function f :
(0,∞) → R satisfies the inequality∣∣f (x + p) − Γ (x)f (x)∣∣ ε(x), ∀x > n0,
then there exists an unique solution g : (0,∞) → R of Eq. (3.13) with∣∣g(x) − f (x)∣∣ ωGp(x), ∀x > n0.
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(0,∞) → R satisfies the inequality∣∣f (x + 1) − Γ (x)f (x)∣∣ ε(x), ∀x > n0,
then there exists an unique G-function g : (0,∞) → R satisfying Eq. (3.14) with∣∣g(x) − f (x)∣∣ ωG(x), ∀x > n0.
Remark 4. The Hyers–Ulam stability of Eqs. (3.13), (3.14) follows immediately from
Corollaries 13–15 with ε(x) = δ. Stability results of G-functional equations are founded
in [16].
3.4. Examples
The results of Sections 2, 3 may be applied to the following examples.
Example 1 (Corollary). Set φ(X) = x1 ∗ x2 ∗ · · · ∗ xn in Corollary 2′, where ∗ is an oper-
ation on the set S. If a function f : (0,∞)n → R satisfies the inequality∣∣f (X + P) − (x1 ∗ x2 ∗ · · · ∗ xn)f (X)∣∣ δ, ∀X > N0,
then there exists an unique solution g : (0,∞)n → R of the equation f (X + P) = (x1 ∗
x2 ∗ · · · ∗ xn)f (X) with
∣∣g(X) − f (X)∣∣


ω∗(x),
if ω∗(x) =∑∞k=0∏kj=0 δ|(x1+jp1)∗···∗(xn+jpn)| < ∞,
δ
x1∗x2∗···∗xn−1 ,
if x1 ∗ · · · ∗ xn > 1,
δe
x1∗x2∗···∗xn ,
if p1 ∗ p2 ∗ · · · ∗ pn > 1,
δ
x1···xn
∑∞
k=0 1(k!)n ,
if P = (1, . . . ,1), x1 ∗ · · · ∗ xn = x1 · · ·xn,
δ
x1+···+xn
∑∞
k=0 1(k!nk) ,
if P = (1, . . . ,1), x1 ∗ · · · ∗ xn = x1 + · · · + xn.
From Theorem 2′ or Corollary 4, we have the following Example 2 (Corollary) in a
single variable.
Example 2 (Corollary [14]). If a function f : (0,∞) →R satisfies the inequality∣∣f (x + 1) − φ(x)f (x)∣∣ δ, ∀x  n0,
where φ is a function such that
µg(x) :=
∞∑ k∏ 1
|φ(x + j)| < ∞, (3.17)
k=0 j=0
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The definition of the function φ in the following examples satisfies the condition (3.17).
Thus the functional equation (3.8′) for φ(x) by following each cases has the Hyers–Ulam
stability.
Example 3. φ(x) = c > 1, where c is constant.
Example 4. φ(x) = (1 + 1
x
)x . Note that limx→∞(1 + 1x )x = e > 1.
Example 5. φ(x) = xn, for x > 1, n ∈ N.
Example 6. φ(x) = arctan(x), since limx→∞ arctan(x) = π2 .
Example 7. φ(x) = arcsin(x) for x > 1, since limx→∞ arcsin(x) = π2 .
Similarly, we can also consider sinh(x), cosh(x), log(x) with a suitable domain for each
function.
4. Stability in the sense of Ger for Eq. (1.2)
The following theorem provides the stability in the sense of Ger for Eq. (1.2).
Theorem 3. Let ε : Sn → (0,1) satisfies
∞∑
j=0
ε
(
ϕj (X)
)
< +∞. (4.1)
If a function f : Sn → (0,∞) satisfies the inequality∣∣∣∣ f (ϕ(X))φ(X)f (X) − 1
∣∣∣∣ ε(X), ∀X ∈ Sn, (4.2)
then there exists an unique solution g : Sn → (0,∞) of Eq. (1.2) with
α(X) g(X)
f (X)
 β(X), (4.3)
where α(X) :=∏∞j=0(1 − ε(ϕj (X))) and β(X) :=∏∞j=0(1 + ε(ϕj (X))).
Proof. The condition (4.1) implies that ∏∞j=0(1 ± ε(ϕj (X))) converges. Hence, we can
define the functions α,β for all X ∈ Sn such that 0 < α := ∏∞j=0(1 − ε(ϕj (X))) <∏∞
j=0(1 + ε(ϕj (X))) := β < +∞, that is, these series are bounded.
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gn(X) =
n−1∏
j=0
f (ϕn(X))
φ(ϕj (X))
. (4.4)
For all positive integers m,n with n > m, we have
gn(X)
gm(X)
= f (ϕm+1(X))
φ(ϕm(X))f (ϕm(X))
· f (ϕm+2(X))
φ(ϕm+1(X))f (ϕm+1(X))
· · · f (ϕn(X))
φ(ϕn−1(X))f (ϕn−1(X))
. (4.5)
It also follows from (4.2) that
0 < 1 − ε(ϕj (X)) f (ϕj+1(X))
φ(ϕj (X))f (ϕj (X))
 1 + ε(ϕj (X)) (4.6)
for all X ∈ Sn and j = 0,1,2, . . . . From (4.5) and (4.6), we get
n−1∏
j=m
(
1 − ε(ϕj (X))) gn(X)
gm(X)

n−1∏
j=m
(
1 + ε(ϕj (X)))
or
n−1∑
j=m
log
(
1 − ε(ϕj (X))) loggn(X) − loggm(X) n−1∑
j=m
log
(
1 + ε(ϕj (X))).
Since
∑∞
j=0 log(1 − ε(ϕj (X))) = logα(X) and
∑∞
j=0 log(1 + ε(ϕj (X))) = logβ(X), it
follows that limm→∞
∑∞
j=m log(1 − ε(ϕj (X))) = limm→∞
∑∞
j=m log(1 + ε(ϕj (X))) = 0
by the boundedness of α,β . Hence, we note that {loggn(X)} is a Cauchy sequence for all
X ∈ Sn. It is reasonable to define a function g0 : Sn → (0,∞) by
g0(X) = eL(X) = lim
n→∞gn(X), ∀X ∈ S
n, (4.7)
where L(X) := limn→∞ loggn(X).
We get that
g0
(
ϕ(X)
)= φ(X)g0(X), ∀X ∈ Sn. (4.8)
Since
gn(X)
f (X)
= f (ϕ(X))
φ(X)f (X)
· f (ϕ2(X))
φ(ϕ(X))f (ϕ(X))
· · · f (ϕn(X))
φ(ϕn−1(X))f (ϕn−1(X))
,
we get
n−1∏
j=0
(
1 − ε(ϕj (X))) gn(X)
f (X)

n−1∏
j=0
(
1 + ε(ϕj (X))) (4.9)
for all X ∈ Sn. This implies from (4.7), (4.9), and the definitions of α, β that
α(X) g0(X)  β(X), ∀X ∈ Sn. (4.10)f (X)
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(4.10). By (4.8), we have
g0(X)
h(X)
= g0(ϕn(X))
h(ϕn(X))
= g0(ϕn(X))
f (ϕn(X))
· f (ϕn(X))
h(ϕn(X))
for any X ∈ Sn and for any natural number n.
Hence, we have
α(ϕn(X))
β(ϕn(X))
 g0(X)
h(X)
 β(ϕn(X))
α(ϕn(X))
for any natural number n. By the boundedness of the series ε,
α
(
ϕn(X)
)= ∞∏
j=n
(
1 − ε(ϕj (X)))−→ 1
as n → ∞. Similarly β(ϕn(X)) → 1 as n → ∞.
Therefore, it is obvious that h(X) ≡ g0(X). 
From the proof of Theorem 3, we can see that the inequality (4.1) is a condition for the
convergence of α and β . Hence the following corollary is natural.
Corollary 16. Let a function f satisfies inequality (4.2), such that ε : Sn → (0,1) is a
function such that
α(X) :=
∞∏
j=0
(
1 − ε(ϕj (X))) and β(X) := ∞∏
j=0
(
1 + ε(ϕj (X)))
are bounded for all X ∈ Sn. Then there exists an unique solution g : Sn → (0,∞) of
Eq. (1.2) satisfying (4.3) for all X ∈ Sn.
Restrict Theorem 3 with S = (0,∞), ϕ(x, y) = (x + p,y + q) into two variable. Then
we have the stability in the sense of Ger for the reciprocal of beta functional equation and
the generalized beta functional equations as follows.
Corollary 17 [10]. If f : (0,∞)× (0,∞) → R+ is a function that satisfies the inequality∣∣∣∣f (x + p,y + q)φ(x, y)f (x, y) − 1
∣∣∣∣ ε(x, y), ∀x, y  n0,
where ε : (0,∞)× (0,∞) → (0,1) is a function such that
∞∑
j=0
ε(x + jp,y + jq) < +∞,
then there exists an unique solution g : (0,∞)× (0,∞) → R+ of Eq. (3.2) with
αε(x, y)
g(x, y)  βε(x, y),
f (x, y)
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x + jq)).
Corollary 18 [10]. If f : (0,∞)× (0,∞) → R+ is a function which satisfies the inequality∣∣∣∣ xy(x + y)(x + y + 1) f (x, y)f (x + 1, y + 1) − 1
∣∣∣∣ ε(x, y), ∀x, y  n0,
where ε : (0,∞)× (0,∞) → (0,1) is a function such that
∞∑
j=0
ε(x + j, y + j) < +∞,
then there exists an unique solution g : (0,∞) × (0,∞) → R+ of the functional equation
(3.3) with
αε1(x, y)
g(x, y)
f (x, y)
 βε1(x, y),
where αε1(x, y) :=
∏∞
j=0(1−ε(x+j, y+j)) and βε1(x, y) :=
∏∞
j=0(1+ε(x+j, y+j)).
Proof. Apply Corollary 17 with p = 1, q = 1, substitute f to f −1 and φ(x, y) =
((x + y)(x + y + 1))/(xy). 
One can restrict n-variables to one variable in Theorem 3. We can consider the sta-
bility in the sense of Ger for the gamma and generalized functional equations with
ε(x) = δ/x1+θ , and ϕ(x) = x + p, φ(x) = x,p = 1.
Corollary 19 [14]. Let f : (0,∞) → R+ be a function that satisfies the inequality∣∣∣∣ f (x + p)φ(x)f (x) − 1
∣∣∣∣ ε(x), ∀x  n0,
where ε : (0,∞) → (0,1) is a function such that
∞∑
j=0
ε(x + jp) < +∞,
then there exists an unique solution g : (0,∞) → R+ of Eq. (3.8) with
αγ (x)
g(x)
f (x)
 βγ (x),
where αγ (x) :=∏∞j=0(1 − ε(x + jp)) and βγ (x) :=∏∞j=0(1 + ε(x + jp)).
Corollary 20 [10]. Let θ > 0 be given. If a mapping f : (0,∞) → R+ satisfies the in-
equality∣∣∣∣f (x + 1) − 1
∣∣∣∣ δ1+θ , ∀x > n0,xf (x) x
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(3.8′′) such that for any x > max{n0, δ1/(1+θ)}
α(x) g(x)
f (x)
 β(x),
where α(x) :=∏∞j=0(1 − δ/(x + j)1+θ ) and β(x) :=∏∞j=0(1 + δ/(x + j)1+θ ).
Remark 5. The stability in the sense of Ger for the functional equations (3.2), (3.3), (3.8),
(3.8′), (3.8′′), (3.13), (3.14) has been studied in papers [10,14,16,17].
4.1. Examples
We apply the result of Corollary 19 for p = 1.
Example 8. ε(1 + i) = 1/(1 + i)p, for p > 1. Note that the p−series ∑∞k=0 1/kp in the
case p > 1 converges.
Example 9. ε(1 + i) = 1/(1 + i)!. Note that ∑∞i=0 1/(1 + i)! = e − 1.
References
[1] H. Alzer, Remark on the stability of the Gamma functional equation, Result. Math. 35 (1999) 199–200.
[2] E.W. Barnes, The theory of the G-function, Quart. J. Math. 31 (1899) 264–314.
[3] V.A. Faizev, Th.M. Rassias, P.K. Sahoo, The space of (ψ, δ)-additive mappings on semigroups, Trans. Amer.
Math. Soc. 354 (2002) 4455–4472.
[4] P. Gaˇvruta, A Generalization of the Hyers–Ulam–Rassias stability of approximately additive mappings,
J. Math. Anal. Appl. 184 (1994) 431–436.
[5] R. Ger, Superstability is not natural, Rocznik Nauk.-Dydakt. Prace Mat. 159 (1993) 109–123.
[6] D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A. 27 (1941) 222–
224.
[7] D.H. Hyers, G. Isac, Th.M. Rassias, Stability of the Functional Equations in Several Variables, Birkhäuser,
1998.
[8] D.H. Hyers, Th.M. Rassias, Approximate homomorphisms, Aequationes Math. 44 (1992) 125–153.
[9] G. Isac, Th.M. Rassias, On the Hyers–Ulam stability of ψ -additive mappings, J. Approx. Theory 72 (1993)
131–137.
[10] K.W. Jun, G.H. Kim, Y.W. Lee, Stability of generalized Gamma and Beta functional equations, Aequationes
Math. 60 (2000) 15–24.
[11] S.-M. Jung, On the general Hyers–Ulam stability of gamma functional equation, Bull. Korean Math. Soc. 34
(1997) 437–446.
[12] S.-M. Jung, On the modified Hyers–Ulam–Rassias stability of the functional equation for gamma function,
Mathematica (Cluj) 39 (1997) 233–237.
[13] S.-M. Jung, On the stability of gamma functional equation, Results Math. 33 (1998) 306–309.
[14] G.H. Kim, On the stability of generalized Gamma functional equation, Internat. J. Math. Math. Sci. 23
(2000) 513–520.
[15] G.H. Kim, A generalization of the Hyers–Ulam–Rassias stability of the Beta functional equation, Publ.
Math. Debrecen 59 (2001) 111–119.
[16] G.H. Kim, A generalization of Hyers–Ulam–Rassias stability of a G-functional equation, Math. Inequal
Appl. (2004), in press.
G.H. Kim / J. Math. Anal. Appl. 299 (2004) 375–391 391[17] G.H. Kim, Y.W. Lee, The stability of the beta functional equation, Studia Univ. Babes¸-Bolyai Math. 40
(2000) 89–96.
[18] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978)
297–300.
[19] Th.M. Rassias, On the modified Hyers–Ulam sequence, J. Math. Anal. Appl. 158 (1991) 106–113.
[20] Th.M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Appl. Math. 62 (2000)
23–130.
[21] Th.M. Rassias, On the stability of functional equations in Banach space, J. Math. Anal. Appl. 251 (2000)
264–284.
[22] Th.M. Rassias (Ed.), Functional Equations and Inequalities, Kluwer Academic, Dordrecht, 2000.
[23] Th.M. Rassias (Ed.), Functional Equations, Inequalities and Applications, Kluwer Academic, Dordrecht,
2003.
[24] Th.M. Rassias, P. Šemrl, On the behavior of mappings which do not satisfy Hyers–Ulam stability, Proc.
Amer. Math. Soc. 114 (1992) 989–993.
[25] Th.M. Rassias, J. Tabor, Stability of Mappings of Hyers–Ulam Type, Hadronic Press, Florida, 1994.
[26] T. Trip, On the stability of a general gamma-type functional equation, Publ. Math. Debrecen 60 (2002)
47–62.
[27] S.M. Ulam, Problems in Modern Mathematics, science ed., Wiley, New York, 1964, Chapter VI.
